In this paper, we apply a fixed point index to consider the existence of pseudo-symmetric positive solutions of a four-point second-order pLaplacian boundary value problem.
Introduction
Multipoint second-order boundary value problems have been extensively studied by many authors; for instance, see [1] [2] [3] [4] [5] [6] . Recently, Eloe and Ahmad [7] addressed a nonlinear nth-order BVPs [8] [9] [10] [11] . In a recent paper, Ma, Du and Ge [12] proved the existence of positive solutions of a multipoint p-Laplacian BVP via the monotone iterative technique. In this work, we apply the fixed poind index to prove the existence of positive pseudo-symmetric solutions for the following four-point second-order p-Laplacian BVP:
   (φ p (u )) (t) + q(t)f (t, u(t)) = 0 , t ∈ (0, 1),
where φ(u) = |u| p−2 u, p > 1, φ
, η ∈ (0, 1) is a constant.
Preliminary Notes
In this section, we shall give some necessary definitions and important preliminary lemmas.
Definition 2.1 Let E be a real Banach space . A nonempty closed K ⊂ E is called a cone if it satisfies the following two conditions :
(1)x ∈ K, µ > 0 implies µx ∈ K; (2) x ∈ K, −x ∈ Kimplies x = 0.
Definition 2.2 An operator is called completely continuous if it is continuous
and maps bounded sets into precompact sets.
Definition 2.3
The function w is said to be concave on 
u is nonnegative ,pseudo-symmetric and concave on [0, 1] and min t∈[0,1] u(t) ≥ δ u }, where δ is given in the following Lemma. It is easy to see that p is a cone in C[0, 1] and K is a subcone of P . For u ∈ K, we have u = u( ).
Lemma 2.1 Let a ∈ P , then the unique solution u(t) of the BVP (0.1) satisfies
1)
The following hypotheses will be used in this paper.
Define an integral operator T : P → P by
It is easy to see that the BVP (0.1) has a solution u(t) if and only if u(t) is a fixed point of the operator T .
Lemma 2.2 Assume that (H 1 ) and (H 2 ) hold , then T : K → K is continuous,compact and nondecreasing.
Define a linear integral operator L : E → E by
Then it is easy to see that L is a completely continuous operator. By virtue of Lemma2.2, we obtain the following result.
Lemma 2.4 Suppose that (H 1 ) hold, then for the operator L defined by (2.2), the spectral radius r(L) = 0 and L has a positive eigenfunction corresponding to its first eigenvalue λ * = r(L) −1 .
For convenience, we introduce the following notations:
The main tools of the paper are the following foxed-point index theorems [2, 5] .
Lemma 2.5 Let E be a Banach space, and K ⊂ E be a cone in E, and Ω is a bounded open subset of E. Suppose that T :
Lemma 2.6 Let E be a Banach space, and K ⊂ E be a cone in E, and Ω is a bounded open subset of E. Suppose that T : K ∩ Ω → K is a completely continuous operator. If
Main Results
In this section, we discuss the existence of at least one pseudo-symmetric positive solution for the BVP (0.1). We shall denote the first eigenvalue λ * of L defined by (2.2), and obtain following existence results.
Theorem 3.1 Assume that (H 1 ), (H 3 ) hold. In addition, assume that f 0 > λ * , f ∞ < λ * , then the BVP(0.1) has at least one pseudo-symmetric positive solution.
Proof. From f 0 > λ * we know that there exist ε > 0 and
which implies that f (t, u(t)) < u(t)φ p ((1 + ε)λ * ). Thus
For t ∈ 1 + η 2 , 1 , using the smaller method, we have the same result, so
Let ϕ 0 = u * be a eigenfunction of L corresponding to its first eigenvalueλ * , then u * = λ * Lu * . Now we show that
If otherwise, there exist u 1 ∈ K ∩ ∂Ω 1 and µ 0 ≥ 0, such that
and thus
Therefore
which is a contradiction with the definition of µ * . Thus (3.2) hold and we have from Lemma2.5 that
From f ∞ < λ * , we know that there exist 0 < ε < 1 and r 2 > 0, such that
Now we show that
If not , there exist u 0 ∈ K ∩ ∂Ω 2 and µ 0 ≥ 1, such that T u 0 = µ 0 u 0 , Then by (3.4), we obtain
(3.7)
For t ∈ 1 + η 2 , 1 , using the smaller method, we have the same result,so
It is easy to see that µ * > 0 and
Therefore in view of (3.6) and (3.7), we have
which is a contradiction with the definition of µ * . Hence (3.5) is true and from Lemma(2.6) we obtain
So from (3.3) and (3.8), we have
Thus T has at least one fixed point on (K ∩ Ω 2 )\(K ∩ Ω 1 ), which means that the BVP (0.1) has at least one pseudo-symmetric positive solution.
Theorem 3.2 Suppose that (H 1 ) and (H 2 ) hold. Furthermore, assume that f 0 < λ * , f ∞ > λ * , then the BVP (0.1) has at least one pseudo-symmetric positive solution.
Proof. From f ∞ > λ * we know that there exist ε > 0 and R 2 > 0, such that
Set Ω 2 = {u : u ∈ E, u < R 2 }, here R 2 = R 2 /δ.For u ∈ K ∩ ∂Ω 2 , from Lemma (2.1), we have u(t) ≥ δR 2 = R 2 , t ∈ [0, 1], which implies that f (t, u(t)) ≤ u(t)φ p ((1 + ε)λ * ). Thus
, 1 , using the smaller method, we have the same result, so
Let u * be a positive eigenfunction of L corresponding to λ * , then u * = λ * Lu * . In a similar way as that of the proof of Theorem(3.1),we obtain
f 0 < λ * implies that there are 0 < ε < 1 and R 1 < R 2 such that
Let Ω 1 = {u : u ∈ E, u < R 1 }, then for u ∈ K ∩ ∂Ω 1 , in view of (3.10) we obtain
. Now by the method used to prove Theorem(3.1) we can obtain
(3.12)
So from (3.9), (3.11), we have
Multiplicity
Now we discuss the multiplicity of positive solutions for the BVP(0.1). We obtain the following existence results.
Theorem 4.1 Assume that (H 1 ) and (H 2 ) hold. In addition, suppose that (
Then the BVP (0.1) has at least two pseudo-symmetric positive solutions u 1 and u 2 with 0 < u 1 < ρ 1 < u 2 .
Proof. From f 0 > λ * , we know by the same way as in the proof of Theorem(3.1) that there exist ρ 1 > 0 and r ∈ (0, ρ 1 ), Ω r {= u : u ∈ E, u < r}, such that
For t ∈ [ 1 + η 2 , 1], using the smaller method, we have the same result,so
. Now we show that
(4.14)
If not , there exist u 0 ∈ K ∩ ∂Ω 1 and µ 0 ≥ 1, such that
Clearly µ 0 > 0, then
(4.15)
It is easy to see that µ * > 0 and u 0 ≤ µ * u * . We find fromL(K) ⊂ K that
This contradicts the definition of µ * = inf{µ : u 0 ≤ µu * }, hence we have T u = µu, for u ∈ K ∩ ∂Ω 1 , µ ≥ 1, and Lemma(2.6) we obtain
From f ∞ > λ * , we know by the method used to prove Theorem (3.3) that there exist 0 < ε < 1,
(4.17)
In view of (4.1) − (4.3), we obtain
Therefore T has at least two fixed points u 1 and u 2 with 0 < u 1 < ρ 1 < u 2 .
Remark 1 From the proof above, we know that if (H 4 ) hold and f 0 > λ * (orf ∞ > λ * ) then the BVP (0.1) has at least one pseudo-symmetric positive solution u satisfying 0 < u < ρ 1 (orρ 1 < u ).
Similarly, we can obtain the following results. Theorem 4.2 Assume that (H 1 ) and (H 2 ) hold. In addition, suppose that (H 5 ) f 0 < λ * and f ∞ < λ * (particularly, f 0 = f ∞ = ∞ ). (H 6 ) There exists a constant ρ 2 > 0, such that φ q (f (s, u)) > λ * (φ q u) for s ∈ [0, 1], u ∈ [δρ 2 , ρ 2 ].
Then the BVP (0.1) has at least two pseudo-symmetric positive solutions u 1 and u 2 with 0 < u 1 < ρ 2 < u 2 .
Remark 2 From the proof above, we know that if (H 4 ) hold and f 0 < λ * (orf ∞ < λ * ) then the BVP (0.1) has at least one pseudo-symmetric positive solution u satisfying 0 < u < ρ 2 (orρ 2 < u ).
